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INTRODUCTION 
Wave propagation in composite materials with discrete changes in properties has been 
extensively studied and is well understood. In contrast, wave propagation in composites 
with smooth continuous periodic stiffness variations has only begun to be studied [1]. Use 
of direct analysis techniques for wave propagation in a composite material with varying 
stiffness has lead to mathematical contradictions and has indicated the need for a different 
approach [2]. The present study investigated wave propagation in a composite with smooth 
continuous periodic stiffness variations using perturbation techniques and a model 
simulation with a refined finite difference method. 
THEORY 
The governing equation for wave propagation through a material with a smooth 
continuous periodic variation in stiffness in one dimension is 
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Equation (1) is a variation of the Mathieu equation [3]. The boundary condition for Eq. (1) 
is 
u(O,t) = sin «Ill) 
The variables in Equations (1) and (2) are defined as 
(j = wave amplitude in meters, 
x = distance in meters, 
t = time in seconds, 
Eo = stifthess in Pascals (straight fibers), 
Po = density in kilograms/cubic meter, 
Ie. = spacial frequency in radians/meter, 
w = circular frequency radians/second, 
€ = perturbation constant (variation from Eo). 
PERTURBATION SOLUTION 
(2) 
Perturbation techniques were used to find a nondimensional solution to Equation (1). 
The nondimensional variables 't and X were defined as 
(3) 
X= kx 
s (4) 
Equation (1) becomes nondimensional by introducing the variables 't and X and changing 
to differentiation with respect to 't and X, which yielded 
(5) 
where 
(6) 
u = forcing junction maximum amplitude (7) 
Changing Eq. (1) makes Eq. (2) become 
u(O, 't) = sin('t) (8) 
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Equation (5) is then transformed to the characteristic coordinates 
E ~ = 't- K[X+-(cos(X)-I)] 
2 (9) 
" = 't+K[X+i(COS(X)-I)] (10) 
and the solution to Eq. (5) becomes 
cos("'; -~ cos (" -~ +~ 
u~, 11) = sin~ _~ 2K + 2K ] 
8 _1_+1 _1 __ 1 
(ll) 
2K 2K 
Equation (11) is accurate to order E2 [3]. The denominator of the second cosine term goes 
to zero as K - ±lh and causes u to go to 00. Thus, the critical points are reached in the 
perturbation solution when K = ±lh. To insure that Eq. (11) is finite and meets the 
boundary condition, functions of ~ and " are added to Eq. (11) so the perturbation term 
becomes zero when" = ~ as X -0 and when K = ±lh. The form of equation (11) is then 
cos ("-~ .;) -cos(~)+cos(-.l) +cos ( l)-cos(2L) 
u~,,,) = Sin~)-~[ __ 2K ______ I_2K _____ 2_K __ .....:2=-1C_ 
-+1 
2K 
cos("'; ~)-cos ~ +cos( -.L)-cos(...!L) 
2K 2K 2K +----------------------------
_1 __ 1 
2K 
(12) 
Behavior of the perturbation solution at K = Ih was studied by making Ki2 = 1+E as E-O 
in the limiting form ofEq. (12). The form ofEq. (12) then becomes 
u~,,,) = sin(O-~sin(X)[~cos('t)+cos(X)sin(~)] 
422 (13) 
Equation (13) is singular in nature for large values of ~ (large values of 't). The large 
values cause the perturbation term, the E term, to be overwhelmed. In the case of large 
values of~, Eq. (13) grows beyond the accuracy limit of30% of the magnitude of the base 
solution (sin(~» [3]. 
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FINITE DIFFERENCE SOLUTION 
The numeric solution to Eq.(5) was produced using a central difference finite difference 
scheme [4]. The equation is 
n+\ 2 n n-\ 1 (Ai;>1: 2 [C n (n n) C n (n n)] u. = u· -u. + - - \ u.+\-u. - \ u. -u._\ 
I I I K2 A ;+_ I I ;__ I I 
2 2 
(14) 
where n is the 1: index and i is the X index. Equation (14) is accurate to an order of A1:2, 
AX2 [4]. Equation (14) was used to simulate waves propagating in a material with a 
periodic variation in stitlhess. The simulation was accomplished with a model written in 
Fortran code. 
RESULTS 
The perturbation and finite difference solutions were compared for three values of K, 
0.45, 0.49, and 0.50 with € = 0.05. The variables plotted for the 0.45 and 0.49 cases were u 
vs. X for a fixed value of 1:(1: = 351t) (Fig. 1 - 4). The K = 0.50 case was plotted both as u 
vs. X for a fixed 1: (1: = 351t) and as u vs. 1: for a fixed X (X = 10) (Fig. 5,6,7,8). To insure 
the stability of the finite difference solution, the CFL condition was set at 0.80, which gave 
a grid spacing of A1: = 0.0192 and AX = 0.15 [4]. The forcing function magnitude was one 
for all cases. The value, 1:=351t, was chosen as a compromise between showing enough 
waves to exhibit the behavior caused by variation in stitlhess and maintaining the accuracy 
of the perturbation solution in light of its singular nature. 
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Figure 1. Variation in the amplitude, beating, of propagating waves due to periodic 
variation in stitlhess of the material for K=0.45 and 1:=351t from finite difference solution. 
270 
U 
1.25 
0.75 
0.5 
0.25 
U 0 
-0.25 
-0.5 
-0.75 
-1 
-1.25 
0 20 40 60 80 
X 
J 
100 120 140 
Figure 2. Variation in the amplitude, beating, of propagating waves due to periodic 
variation in stiffiless of the material for K=0.45 and "t=351t from perturbation solution. 
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Figure 3. Variation in the amplitude of propagating waves due to periodic variation in 
stiffiless ofthe material for K=0.49 and "t=351t from finite difference solution . 
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Figure 4. Variation in the amplitude of propagating waves due to periodic variation in 
stiffiless of the material for K=0.49 and "t=351t from perturbation solution. 
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Figure 5. Variation in the amplitude of propagating waves due to periodic variation in 
stiffiless of the material for K=0.50, critical point, and 1:=3511: from finite difference 
solution. 
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Figure 6. Variation in the amplitude of propagating waves due to periodic variation in 
stiffness of the material for K=O.50, critical point, and 1:=3511: from perturbation solution. 
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Figure 7. Linear growth in the amplitude of propagating waves due to periodic variation 
in stiffness of the material for K=O.50 and X=lO from finite difference solution. 
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Figure 8. Linear growth in the amplitude of propagating waves due to periodic variation 
in stiffuess of the material for K=0.50 and X=10 from perturbation solution. 
DISCUSSION 
Changes in amplitude of propagating waves from smooth periodic stiftbess variation are 
apparent in Figures 1 and 2. The figures show beating, which is a periodic increase and 
decrease in wave amplitude, in the wave train of both the finite difference and the 
perturbation solutions. The amplitude of the wave near the origin in Figure 1 and 2 is just 
greater than one and just less than one, respectively. The perturbation solution differs from 
the finite difference solution by only 10% in the magnitudes of the highest wave peaks. 
The length of the beat is six wavelengths in both Figure 1 and 2. The beats occur in the 
same locations and differ only in the placement of the wave peaks with the greatest 
magnitudes. The difference in placement can be explained by the differing accuracies of 
the solutions. 
Wave behavior changes when the value of K is increased to 0.49. The wave amplitude 
near the origin become 50% greater in magnitude than the forcing function (Fig. 3,4). The 
amplitudes of the waves decrease away from the origin along a gentle curve until X=100 
after which the amplitude levels off at one. The amplitudes decrease along curves similar 
to those seen in Figures 1 and 2, but the curves seen in Figure 3 and 4 are greater in length 
and starting height. Thus, the waves in Figures 3 and 4 are probably the first half of a long 
beat. The difference in amplitudes between the perturbation solution and the finite 
difference solution is only 8% when K = 0.49. 
The character of the wave train changes markedly when K=0.50 and the critical point is 
reached (Fig. 5,6). The amplitude of the wave near the origin is 75% greater than the 
forcing function for the finite difference solution and is 140% greater than the forcing 
function for the perturbation solution. The wave amplitudes near the origin differ by 37% 
for the perturbation and finite difference solutions. Moving away from the origin, the wave 
amplitudes of both solutions decrease linearly with increasing X. Wave amplitudes of the 
perturbation solution decrease 1.67 times faster than for the finite difference solution. 
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The unique character of the wave behavior at the critical point of K=0.50 is revealed 
when X is held fixed and u is plotted against 'to Wave amplitude grows linearly in 't as 
seen in Figure 7 and 8. Linear growth in wave amplitude at the critical point shows 
resonance is occurring. The linear resonant growth is an unexpected result for small 
magnitude continuous periodic variations in stifthess. The wave amplitudes of the finite 
difference solution grow from a magnitude of 1 to 3.5 at 't '" 160 while the values of the 
perturbation solution increase only half as fast. Agreement between the finite difference 
and perturbation solutions decreases with increasing 't from exact agreement at 't = 30 to a 
46% difference in magnitude at 't = 160. The increased difference is the manifestation of 
the singular nature of the perturbation solution for K = 0.50. 
Linear resonant growth indicates that at the critical point a small periodically forced 
displacement will increase in magnitude and produce stresses beyond the failure strength of 
a material. The critical value of K=O.50 can occur at any frequency for any given 
composite material depending only on the spacial frequency of the variation in stifthess. 
Thus, study results indicate that any structure made of composite materials is at risk for 
resonance induced failure. The results of this study are of great practical importance to 
industry. Composite material use is growing in aviation applications where resonance 
induced failure can have catastrophic consequences. 
CONCLUSIONS 
Both the finite difference and perturbation solutions quantitatively indicate a linear 
resonant growth in time of mechanical wave amplitude at K = 0.50. Study findings 
indicate that any structure made of composite materials is at risk for resonance induced 
failure. Knowledge of possible resonance induced failure is very important because of the 
growing use of composite materials in aviation and other applications. 
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